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ABSTRACT

Analytical and experimental studies have confirmed the application of
the pressure-sensitive combustion time lag to transverse as well as longi~-
tudinal modes of high frequency combustion instability in lliquid propeliant
rocket engines. However, a recent series of tests at Princeton University
has demonstrated that an additional combustion rate sensitivity must be
considered in the transverse mode case. In the present paper, the theory
of transverse mode combustion instability is extended to include |inearized
velocity effects. Fluctuations of the radial and tangential velocity com-
ponents are assumed to influence the combustion process rates in a manner
analogous to that previously proposed by Crocco for pressure perturbations.
A physlcal mechanism is suggested in the enhancement of the reactant mixing
which can be affected by the transverse components of the gas velocity.
The analysis predicts that the tangential velocity perturbation may have a
strong des#abi}izing effect on spinning tangential modes but will have no
effect on standing modes. The radial wvelocity fluctuation is shown to have a
smaller but significant influence. Experimental verification of the predicted
eftects has been obtained for a fuel-on-oxidizer Impinging doublet injector
pattern and for |ike-on-like injection using close spacing (0.1") of the

liquid spray fans.
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I. INTRO ION

High freyuency combustion instability remains one of the most crifical
problems in the development of ligquid propellant rocket engines. This phe-
nomenon consists of @ forced oscillation of the combustion chamber gases,
driven by the combustion process interacting with the resonance effects of
the chamber geometry. The resulting oscillation patterns are very similar
to those of the acoustic modes of the chamber. For a cylindrical chamber,
closed at both ends one can distinguish between longitudinal and fransverse
acoustic modes. In a longitudinal mode the property variations occur in
the axial direction, whereas conditions are uniform on a section normal to
the axis. Purely transverse modes involve uniformity of the properties
along the axis but vqﬁia+ions in the radial and circumferential directions.
The transverse modes can be further classified into tangential, radial,
and combined tangential-radial modes (see Reference |), It has been observed
that the frequencies of fully developed fransverse mode combustion oscil=
lations fal!l within a few percent of the acoustic freguencies of the cor-
responding modes. Each tangentia! mode can exist in two torms, the stand-
ing form, in which the nodal surfaces are stationary; and the spinning
form, in which the nodal surfaces rotate at the angular freguency of the
oscillation. The two forms of the first tangential mode are illustrated in
Figure |, which shows, schematically, pressure and velocity patterns at four
instants during a period of oscillation.

Analytical and experimental studies (1~4) have confirmed the application
of the pressure sensitive combustion time lag concept to transverse as well
as longitudinal modes of high frequency instabilifty. However, a recent series
ot tests at Princeton University has demonstrated that an additional combustion

rate sensitivity must be considered in the transverse mode case (5). These
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tests used a simple fuel-on-oxidizer impinging doublet injector, with 12
injection points equally spaced about the circumference of a single circle.
Each doubliet pair was contained in a single "spud", which could be coriented
In either of two ways, 90° apart (see Figure 2). 1In the "radial” orienta~-
tion, each spud was arranged so that the line of centers of the injector
orifices lay along a radius. With the spud in the "fangential" orienta-
tion, the line of centers was tangential to the injection circle, Typical
test results are shown in Figure 3, in which the test points are plotted

on the chamber pressure, mixture ratio plane, with the nature of the oscil-
lation shown by the shading of the point. All Tests with the tangentiai
orientation were unstable in the first tangential mode. However, quite
different results were obtalned with the radial orientation. In general,
the latter were more stable; some thrust chamber configurations gave com=
plete stability for ali operating conditions, Such eftects have been re-
ported previously by other investigators (6, 7). It is generally agreed
that the explanation for injJection spray orientation effects should be
based on the sensitivity of the liguid propellant combustion process to
fluctuations of the transverse gas velocity or displacement components,

The analysis which follows is based on the consideration of the sta-
bility of small perturbations., Each of the guantitlies describing the flow
in the rocket motor is assumed to oscillate about a given steady-state
value., For certain operating conditions, the oscillation amplitudes will
increase with time, even for arbitrarily smail initial ampliftudes. Since
random fluctuations of small but finite amplitude (generally referred to as
"combustion noise'') are always present in a rocket motor, such unstable op=~
erating conditions must be avoided. The approach which will be used in the

determination of the stability of a rocket combustion system is the follow-
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ing. Condiftions will be established for the existence of neutral oscilla-
tions, the amplitudes of which neither increase nor decrease with time. The
assemblage of the operating points of the system which satisfy the conditions
for neutral oscillation form the "sTabiiity limits' which divide the unstable
from the stable regions of operation, The complete stabliity behavior of

the rocket Is described by specifying the stability limits and indicating the
unstable regions.

The rocket motor fo be considered consists of a circular cylindrical
combustion chamber of length L. and radius r., followed by a converging-diverging
expansion nozzle. The wallsare assumed fo be rigid, impervious, and perfect-
ly insulating. The medium within the chamber consists of gaseous products
of combustion in which are distributed burning droplets of the liquid pro-
peliants, The wvolume occupied by the liquid is taken to be negligibly small.
In this two phase flow, the burning droplets act as disfributed sources of
mass, momentum, and energy. It is assumed that combustion is completed within
the combustion chamber and that the gas velocity in the ahambéer ls so small
that the square of the Mach number is negligible compared to unity. Thus,
in this idea! rocket motor, fthe fiow is divided into fwo parts, a low speed
combustion process and an expansion to supersonic velocity without cpmbustion.

It is convenient to carry out the analysis in terms of the following
dimensionless variables:
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where ¢* is the velocity of sound, c: is the constant pressure
*
specific heat, xf-c&p is the ratio of specific heats, and R* is the gas

v
constant. The subscript o denotes values at the injector face (#=0),% in-

dicates a dimensional quantity, a superposed arrow indicates a vector, and
barred quantities correspond to steady-state. Oroplet properties will be
denoted by the subséripf L. According to the avove definitions ﬁ* is not
the actual droplet density Buf rather the total mass of droplets per unit
volume of gas. Si-ncb:e the steady-state gas velocity must vanfsh at the in-
Jector face, -Fo *, P-‘_*, -Fo * and C_.; * are stagnation quanﬂ’ries.‘

Each quantity is written as the sum of a steady-state part and & time

varying perfurba‘ridn. Thus the pressure is expressed as

P= P+ -p'e,s (2)
where ‘-F is the steady-state pressure and ‘P' is the cdmplex, space de-
pendent perfurbaﬂdn amplitude. (For simplicity in the analysis below the
term "pressure perturbation" will be understood fo mean "P' only). 1In the
t
time dependent factor es) 5:>\ ${win which the real part )\ is the

amplification factor and the imaginary part ) is the frequency of oscil~-

lation.* The condition )\.-.-o corresponds to neutral osciliation at & stability

* In the complex representation of oscillation quantities, used in this analysis,
the actual physical value of a quantity is given by the real part ot the cor-

responding complex expression,
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limit, while X‘ovk>o represent stability and instability, respectiveiy.

As mentioned above, the analysis will be directed toward the determination
of the conditions which prevail when /\=D o S=(¢y - It is assumed,
as usual, that fthe perfurbations are so small that the sguares and products
of perturbations can be neglected in compar ison to the steady-state values.
This procedure leads to a set of |0 simultaneous, linear, partial differen-
tial equations for the perturbations of pressure, velocity, etc., which are

defalled in Reference 5.

I1. yg ITY-OR DISPLACEMENT -SENSITIVE BURNING RATE

The system of perfyribation eations is not compiete without an expression
for the burning rate pérfurba+ion, ¢'. The relation for (' derived by Crocco
(2) and later used by Scala (3) made use of the éoncepf of the combustion
time lag. ‘ThaT is, the gradual evolution of combustion products from an
element of propellant mixture traveling through the combustion chamber after
injection was approximated by a discontinucus conversion from reactants to
products after a certain fime, called the time lag, had elapsed. By this
approximation, the impossible task of describing the combustion process
through the quantitative knowledge of its intermediate history was greatly
gsimplified. It was recognized that if the combustion chamber conditions
fiuctuate, the time lag must also vary. An additional approximation was
introduced fo simplify the description of the effect of the chamber conditions
on the time lag. The total time lag 1&; was tTaken as the sum of an in~
sensitive Time lag ZE" , and a sensifive time lag 2? . The various
physical conditions were assumed to affect the combustion processes only
during the sensitive portion of the total time lag. Thus, during fluctuating
operation of the rocket motor, fthe time varliation of the total combustion

time lag is taken up completely by the sensitive time lag; the insensitive
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time lag is constant,

In The following analysis, attention will be concentrated on intrinsic
instability, that is, instability occurring when the injection rate is con-
stant. Then the burning rate perturbation is related to the rate of change

ot the time lag by the expression

QleSt.'-..-Q—é:_Zd—lI’g—?' (3)

da =

where J_i = () is the steady-state combustion intensity.

Spatial effects due to the fluctuations of the total time lag and liquid
dropliet velocity contribute terms of the same order of magnitude as (L Jé%‘.
While g—g— maY be O(l)*local ly, the effect of this factor integrated
over the entire chamber is only O —u." ), where E‘ is the dimensionless velo-
city at the nozzle entrance. This result is demonstrated in Reference 5.

2
The terms infroduced by spatial variations are therefore O(lﬁ. ) and have

been neglected.

In the original formulation by Crocco, the time lag was defined by
assuming that the fransformation fo burned gases takes place only when the
processes occurring during the time lag have accumulated up to a well de-

termined level, EE This condition was expressed by the eguation

.
¢ = £ ' ! (4
[swld = E = f f[weer]dt
t-z t-z.
were 4: is the overall rate of the various processes involved in the
combustion of the licuid bipropellants, and if is the time at which

the transformation to burned gases occurs. In the integrals, the rate 'f

2 As usual the symbol O(x) means "of the same order or magnitude as x'',
S
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must be computed using the instantaneous values of the physicai conditions
at each instant ‘t_' at the location :ti (representing the spatial vari-
ables 55,73 O ) where the element is at that instant. The sensitivity of
the rate 'F. to variations in chamber conditions (correlated tfo the local

pressure) was expressed by the interaction index 7 , defined by

(aﬁ 57%(37[* ) =

where the parenthetical expression is evaluated at the steady-state operating
conditions. The assumption was made that the sensitive portion of the fime
lag occurs just before the conversion to combustion products. Then during
the insensitive time lag the unsteady process rate is equal to the steady-

state rate,

f-f, tmst =tz  ©

st

Since the unsteady pressure is of the form -P:f; +-p'e , The process

rate during the sensitive time lag is given by

£=f (1+ n?'eSt’)  t-rst et @

Making use of these relations, the burning rate perturbation was found to be

given by

P -D) st (. ©
roamye P

0
]
Q. j1Q._
mIFl
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which is of the form

‘' da 9
Q=37 e [x®] |

In the derivation of this burning rate expression, it was assumed
that all quantities atfecting the combustion process could be correlated
to the local pressure. While this assumption can be applied to thermo~
dynamic state properties such as temperature and density, it can not be applied
to the components of the gas veiocity, which may be of equal importance
in the combustion process. The effects of the velocity perturbations
must therefore be taken into account separately from the effects of those
quantities which can be correlated with the pressure.

Only the transverse (i.e., radial and tangential) comporents of the
velocity perturbation can be significant in the explanation of the orienta=-
tion effect described above. For pureiy transverse modes of oscillation,
the longitudinal component is always much smaller than the transverse com-
ponents, In addition, the longitudinal velocity perturbation vanishes at
the injector face and has its smallest magnitude in the early combustion
regidn, the z&ne in which baffles have been seen to have the greatest in-
fluence on stability,

0f the various intermediate processes occurring during the combustion
of liquid bipropellants, those most sensitive to velocity are the vaporiza-
tion of the liquid droplets and the mixing of the vaporized propellants
which must precede chemical reaction. In the process of vaporization, the
important quantity is the absolute magnitude of the velocity of the hot
gases relative to the liquid dropiet. The differences in the velocity
pattems of the standing and spinning forms of tangential modes of oscilla~

lation (which were observed to have strikingly different stability charac~
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teristics) could result in differences in the local and overall vaporization
rates. However, since the direction of the relative velocity is immaterial,
the orientation effect is not explainable by means of the vaporization
process. In addition, the theoretical sutdy of Wieber and Mickelsen (8)
indicates that the oscillating vedocity effeéf on droplet vaporization is
essentially nonlinear because of the dependence of the evaporation rate

on the absolute magnitude of the relative velocity. On the other hand, for
our injector configuration, the mixing of the propellants by the oscillating
velocities may be linearized and is very strongly dependent on the orientation
of the liquid spray fans (produced by the fuel-on-oxidizer impinging doublet
injector). Although no detailed description of such a complex phenomenon is
now possible, the tollowing schematic discussion illustrates one process by
which the burning rate may be caused to oscillate by an oscillating ftransverse
velocity.

Consider the mixture of gaseous combustion products, vaporized propellants
(oxidizer and fuel), and liguid propellant droplets at some axial station
downstream of an injector doublet. For an fuel-on-oxidizer impinging injector,
liquid mixing is impertect and some degree of stratification exists in the
mixture (9), For concreteness, the area of interest is shown in Figure 4 (a)
for a doublet spud oriented with the line of centers of its orifices tangential
to the injection circle. Then the stratification is aimost entirely in the
tangential direction, as shown by the l|ines of constant mass fraction of

vaporized oxidizer in the gas mixture, Y The exact shape of the constant

X
Yx contours will be dependent on the design and operating mixture ratios,
the propellant characteristics, efc. Because of the turbulence in the com~

bustion chambher, the stratification pattern shown schematically in Figure 4 la)

represents only mean conditions.
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Assume first that the rates of evaporation of the two propellants are
comparable, A typical fuel riéh droplet is shown at position A in the region
whi‘h is relatively rich in vaporized fuel. A corresponding oxidizer rich
droplet is shown at B in the oxidizer rich region of the mixture. As a
droplet evaporates, the vapors diffuse away and must mix¥ with the other
vaporized propellant in the proper proportions for chemical reaction. The
overall burning rate of a fuel rich droplet, will therefore be a function of
the amount of oxidizer vapor near the droplet.

In'fhe presence of smali, periodic, transverse gas velocity oscilliations
(Vv ’e‘w ,W'e.u"t), the gaseous mixture will be displaced relative to
the droplets, causing oscillations of the local mass fractions of oxidizer
and fuel. The motion of the larger droplets is small compared to the gas
motion, while the smaller droplets tend to move with the gas. Therefore
the discussion here pertains to the larger droplets. As a droplet evapor-
ates, it tends to be displaced with the gas and the effect of the transverse
velocity on its burning rate decreases. Thus the velocity effect described
here can be expected to be most important in the early combustion region, in
agreement with experimental results. Since the fuel rich droplet is in an
oxidant deficient regiqn, an increase in the oxidizer mass fraction will
increase its contribution fo the overall burning rate. The opposite is true
for the oxidizer rich droplet; ancincrease in the local oxidizer fraction is
accompanied by a decrease in the local fue! fraction., Thus, a perturbation
velocity, or a displacement, in the positive O-direction (see Figure 4(a))
will increase the oxidizer rich droplet burning rate and decrease the fuel
rich droplet burning rate. Therefore the effects on the two droplets will tend

to cancel where the two propel lants have comparable evaporation rates. Of

.

# In a rocket combustion chamber, the transport and mixing of the vapors is
.most |ikely o be carried out primariiy by turbulence rather than molecular
diffusion.
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course, in order to determine the effect of the velocity perturbation of
the entire spray, all of }He propeilant droplets must be considered.

Let us now consider the case when one of the propellants, e.g., the
oxidizer, vaporizes at & greater rate than the other. In fthat case there will
be very little fuel vapor in the early stages where oxidizer dropleis are
evaporated, and practicelly no oxidizer droplets left in the latter stages
where fuel vapor is being produced. Therefore, there wiil be less cancellation
of opposing effects and the overall velocity effect will be determined by the
burning ot the droplets of the fuel in the surrounding gas containing a non
uniform oxidizer vapor concentration. Indeed,for fthe liquid oxygen-ethyl alcohol
combination used in the instability experiments at Princeton University, it can
be estimated, using the spray evaporation calculations of Priem and Heidmann
(10) and the relative vaporization rate data of Pass and Tischler (I1), that
at any early station, twice as much oxidant as fuel will have evaporated.

Thus important velocity or displacement effects can be expected, For other
propel lant combinations, the evaporation rates of the fuel and oxidizer could
be quite similar, and hence the velocity mixing effect could be considerably
reduced.

If the injector doublet which produces the mixture discussed above is
rotated through an angle /% from the tangential orientation, the resulting
mixture will also be rotated, and will @ppear as shown in Figure 4(b). There-~
tfore, the net combustion process rate perturbation will in general depend on
both the radial and tangential velocity (or displacement) cbmponenfs and can

be written in the form
' ' ' Lwt
4\ = (ﬁli.;r 4-4£’hf ‘) e

where ,2 and ,Z are radial and tangential
r 9

(9a)
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velocity interaction indices analogous to the pressure interaction index
defined originally by Crocco (ecuation (5). Here we have chosen to represent
the burning rate perturbation in terms of the velocity components. because
these are among the dependent variables appearing in the treatment that fol-
lows. This formulation, however, coggrs also the case when the relevant
parameters are the components J.': e twt and J;'e l.(dt of

the displacement. Indeed we have
<i ‘;7 &Jt:) . iﬂth ’ hdt , (Wt 7 et [ f
—_— e =wa e = Ve '-d-(Je )='fe.= Pl
dit (Z r ? dt Lo W= Twe
so that equation (%a) can be written

, / y ‘ot (Sb)
-F =(mr'Jr‘ + msfe)eo

with
{9c)

m = (W l , mm_ = (,w,l
r r e e

It the displacement interaction indices Mr and h‘le were real and
constant, the corresponding velocity interaction indices would be imaginary
and frequency dependent. 1In all cases the displacement indices present a 90°
phase shift with respect to the velocity indices.

Keeping in mind the relations (9c), the expression (9a) for 471 can be
used in all cases, and from now on we shall speak only of velocity effects, includ-
ing in this expression also the effects that should mere directly be at-
tributed o the displacement.

I+ must be clear that the above |inearized expressions will not be valid
for all types of injection patterns and that non-linear effects will often be

present. For example, approximately linear effects can be expected with the
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fuel-on-oxidizer impinging doublet and for the |ike-on-like pattern if the
spacing between unlike fans is sufficientiy small. However, for lérge spac~
ings, non-linear velocity or displacement effects should be taken into con-
sideration.

At the present time, the mégnifudes of the velocity indices and their
variations with axial distance cannot be calculated because of the lack of
quantitative knowledge of the processes involved in liquid propellent com-
bustion under turbulent conditions. From an heuristic point of view, we
shall in this paper only consider two particularly simple expressions. One
comes from the assumption that the velocity effects occur during the same
time interval (the sensitive Time lag)as the pressure effects. Assuming,
then, a |inear dependence of the perturbation of the overall rate of the
processes occurring during the sensitive time lag. on the perturbation of

pressure and radial and fangential velocity, eqguation (7) becomes
ge)

F(t)=(rmpe™ 4 ve™ Luwre™)f, t-Tet st

The time rate of change of the sensitive time lag is found, by the same pro-

cedure as used previously to be

’ n _ Pl (¢-T)] -ST (o
f =-m°P E‘ﬁ‘)]e‘ ! £ [+ (8]

L v @] - v [%,(¢-8)] -sE
Lr v [ ®)]e [l —v;——_—[ﬂ,u)] e 3

, t ‘(% (£-T)] st
"/law' [‘%‘&)Jes {l- ww—_L'[‘ﬁg(t)J e“}
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Then burning rate perturbation can be written as

a:,f[’l&?]*' RT E‘&]"'du’ Jw’ [_’Vv l‘t)_-_] (12)

where
_ P pu-v)] i
(1:)- N {:I lj‘c.ct) :] (12a)

..1 _‘V[‘f'(f t)] 7
® { v’ viv @] -

' - l |- w’E!‘ﬁ(t'z')Je'S?
6 W' (t)
)]
In general, ‘Z'_-. z,'(,l) varies from one propellant element to another.
The effect on combustion instability of such a spread in the sensitive time
lag has been evaluated by Crocco and Cheng (1). 1In this analysis, it is as-

sumed that all propellant elements have equal mean sensitive time lags, so

3
—

that T = constant. It must be observed here that this formulaiion applies
equally fto the case when the value of iF is ditferent for the pressure and
the velocity effects, Consideration is given to this and other formulations
in Reference 5. It should be noted,however, that these alternative formulations
involve additional perimeters which cannot be calculated aprior and whic_h
would produce quite a problem if they were to be determined from empirical ob-
struction. Moreover, the quantitative consideration of possible interaction
mechanisms ( to be Jiscussed in a future paper) gives weight to the hypothesis
of ecual sensitive time lags.

Another simple expression for the burning rate is again inspired by the
qualitative examination of possible interaction mechanisms, which shows that

it is possible for a part of the burning rate variation to be in phase with

the variation of concentration of the more volatie propellant, and hence with
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the displacement itseif. 1In this case the coefficients of (9b) are reai

and those of (9a) imaginary. The resulting expression for C?' is stilli
given by (12), with P stiil provided by (12a), but R and :’- given
by the simple e*pressions

_ m _ m
R‘L—a-'; ) T-.l.—cf (12b)

III. SOLUTION EQR THE PERTURBATIONS

The addition of velocity terms to the burning rate perturbation expression
makes separation of the variables, as used in Reference (3), impossiblie. There=
fore a different approach is used. The solutions assumed to take the form of a

series; the pressure perturbation, for example is
4
=p + + - (13)
?P=fTRAT*TH

. - . L : '
where ?l is 2ssumed fo be O(uOPO). Pz is % R,) , etc, Since the govern-

ing equations were derived neglecting terms of ()6%:) , the solution will be
carried only as far as the first order correction, Tﬁ . As discussed previous-
ly, It is assumed that the combuéfion process produces an unperturbed velocity

in the combustion champer, which is small compared to the velocity of sound; and
that the droplet drag, (and hence the droplet oscillation amplitude), is also
small. Therefore, the zeroth order soiution corresponds fo acoustic oscillations,
and the first order correction includes the effects of the combustion process,

the liquid gas interaction, and the exhaust nozzle,

Following this procedure, the perturbation e uations can be expressed as

folliows (see Ref. (5) ):
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where Z&. is the Laplacian operator
g 92 g _Lff
A=SptIp et o

The boundary conditions at the combustion chamber wall are that the velocity
perturbation normal to the wall must vanish; that is, u' = 0 aTZ=0and'v' = 0
at r = 1. 1In addition, it is necessary to impose conditions of boundedness

and periodicity in order to obtain a solution. At the combustion chamber exit,
Z = i!e', the proper boundary condition is a relation beitween the perturba-
ticns of pressure, velocity, and entropy.

For transverse modes, the zeroth order solution has been found o be

Po.—.a‘zo [+ («.54-51:)?2-2_7 vah(") &.(8) o9

-

correct to terms of the order of the chamber exit Mach number, W

In equation (15)
‘I-}fk(') = J, &)
and @1 (9)= COS'JQ (standing mode) e
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—Lﬂa

or (9) (spinning mode) (™
Each value of the constant S%Jh is characteristic of a mode of oscillation.
Physically, h is The number of cylindrical surtfaces, including the outer solid
wall, on which the radial velocity perturbation vanishes; h = | corresponds
to a purely tangential mode, h = 2 to the first radial mode, h= 3 to the sec-
ond radiai mode, etc. The standing mode tangentis! velocity perturbation
vanishes on stationary diametral surfaces (nodal surfaces) which can then be
replaced by solid surfaces (e.g., baffles or sector inserts, Ref. (1) without
disturbing the osciilation pattern. In a spinning mode the nodal surfaces ro-
tate at the oscillation frequency. For 1/= 0 , the 9 solution is simply
@o = Constant = _1
which represents a purely radial mode, since there is no variation in the tan-
gential direction. The first tangential mode corresponds fo '1/ = |, the
second tangential mode to '1/ = 2, and so on.

The second order solutlfon can be found by superposition. Let

(7

Fh*hrErh

where the parfial sclutions ‘PA ’ ?8 ,-Fc and TD are solutions of the fol-
lowing eguations

lka‘-ghgﬁ==-1ﬁaﬁjgglﬁk gbhé%, (18a)

do =m9ip J¥& (18b)
ZXTL s ﬂs"‘Fz,Ji Ea'-:;;ih‘gb e
As -S'fz-:r'J“' 4@& 48

(¥) This expression corresponds to spcnntng in ?%e positive 69 direction,
Spinning in the opposite directicn would be represented by exp({j)@) or
can simply be taken care of by changing the positive @ direction.
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Afa- s E =[‘F(&)g @+ (lf H)f’-::J s Ea EP% @_/ (18d)

It is seen that the pressure sensitive combustion effects appear in‘ﬁa,
and the radial and tangential velocity sensitivities enter in’roT andr ,

(] c
respectively. The partial solution T% includes the effect of the liquid
droplet drag.

The partial solution fl4 can be obtained by letting

) P () %l‘(r)@%[e) (19)

then ecuation (18a) becomes

2 (20)
LB P @ +h (54150 90)8,6) -nl - PR TS,

The transverse distribution function satisfy the relation

3 _r{_éa; & )_‘E‘%Q}_- @,’ (21)

Making use of this relation, equation (20) becomes

. : = Jiz
5?(%;)*'(5 +$)%)-~Fslf’22. (22)

However, since sz 2 and rA are both Qi w ), the differential
h Poo e
equation for P, reduces to
2 (23)
4, ("» )_-rsof’—h O(i?)
dz
This equation is easaly integrated to give
= (24)
i ’
RO _ 5 pfawids + ks
Poo
where the integration constant Ky represents the value of !& at the Injector

- Peo
tface, Z& = 0; therefore, Ky = O(ug).
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The partial solution '?D is obtained in the same manner from equation (18D)

inpo- BOE,OGE) oo
’ i

b - J; z( B@)d2+ (rr)s|a@@)dE + K
> foj}zoﬁ_ +(+)o

(25)

where again

Polo)_
Ky = P O(ae). ~
00
A different procedure must be adopted in order to obtain the partial

solutions -PE3 a”d'190 because ecuations (!8) and (I18C) are not separable.

These equations are of the form
Ap-s'p=F@G(r0) 20

The solutions (eigenfunctions) of the corresponding homogeneous equation are

@P,,(P) = vJ- p (sh-") (27)

- ase .o :'2 3 .
P=04,23 5 F=H9%
These transverse eigenfunctions form a complete, orthogonal set. A soiution

of equation (26) can be obtained, therefore, by expanding G(r,é?) in a series

of the transverse eigenfunctions, ¥¥

G(r, 9)-?. «;--.AH' ST-’,.,C')Q»@)

The solution of eguation (26) is written in the form

12 3,01 ® By Opl0

(%) See footnote to ecuation (I6).

(28)

** The validity of the expansicn depends on the existence of Green's function
tor the boundary condition$gb) O , which follows from the existence of
Green's function for the boundary condlfioncr(o =0, (12, 13)
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The tfransverse eigenfunctions must satisty the reletion stated previously in

equation (21). Then equation (26) yields

ap$[-d::—g - (3{,_5&)%] = Ah_Ffl) for atl p,4

Let ar? = Ah Thus, the partial differential equation (26) has been
reduced to the set of linear, second order, inhomogeneous, ordinary differ-

ential ejuations.

i:_fp'— (sz-l»s;’,) Ry = F(2) (20)

The expansion coefficients are given by

Ah_-”L jzﬂfl (rO)LPHq rdr d0 )

O=0 Y=o

where H is a normalizing factor, defined by

H={"%& §'rdrdo
@; ' is the compiex conjugate of @

Consider first the partial solu‘rion‘rB, given by

=2, g’o B, B @ Ty (PG, (0)

where the axial distribution functions PB"_saTisfy the differential equationd®

P..) (hapXBa) = Rz oY

The mode of instability under consideration is specified by the pair of indices

o
a

(33)

7J , h., If p= z}, g = h, eguation (34) reduces to

CP” )"‘R

(*) Here, it is assumed that Ry , and hence PR , do not depend on I* O 6.
The opposite case can easily be freated.

(35)
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exactly as for the partial solutions IDA and PD~ Then

(36)

z
% =R éa(z')dz' + Hph

as before. For all other values of p and q, equation (34) becomes

df <P 2 2 — .dﬁ
JZ -gg')"« (sh-fz,h %)‘R dZ (37)
since 8":-35‘. +O(a‘) . The solution of this equation is obtained by the

method of variation of constants as

ﬁ( ’l.‘v M{z{ ) (38)
2. + K 3 ] 1
Poo j 3’}- ’h— CaBh SPI,:& Z

The expansion coefficients Bp, are given by

BH= ff“’.*ﬂ,‘, ‘,65), rdrd®
f:‘I P'I'Q G%"Mndé

For a spinning mode, @P =a'P® . Then

(39)

Bm= oe-‘:l’eec'fQJe s”"J—D(ﬁ&r);(‘p}r)rdp(w

j doja‘ Gyr) rdr

-io

. . . L .
From this expression, since the function e and e Pé are orthogonal, it

can be seen that*

Bmao , P-Iﬂ) (41
= 5 S, TG T(5yr) rdr
J:‘ If(e’,‘_r)rdr

* A prime will be used to denote differentiation of a function with respect

to its argument. Thus J,)/C")';f_;l’
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The same result is obtained for the standing mode, because CosJQ and

cos PQ (0S B8 K2, ., i orthogonal .

The partial solution is obtained by the same procedure as used for
p

4. Thus, letting
- ? s Gy @ TG @,

the axial distribution functions are(**)

R _ J‘fuMch + K), (43)

Poo
R _@ \ Shh /553 (&2 —
Bor. 7 [l B

The expansion coefficienfs for »PC are given by the expression
j j.!.éP fv)g}c») &6 @ rdrdo (a8)
[T Ha0F 0w

. "y
For a spinning mode @', = e L))a. Then ®-J- e is orthog-
onal to all ot the functions @". = e.bPo except @;} ) so that

CH;‘O f( F%J (45)a
kBT
| (TP

** The assumption is made here that .1; , and r, do not depend on
ror @. It is easy to freat the opposite case.

Chy-

(45b)
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In particular, for g = h, eguations (45b) becomes

‘SA;LQ(3' n)th
f r)r‘dr' yh (46)
. s ‘

~J
where 63»‘ is a positive real number. Thus, the expansion coefficient cor-
responding to the mode of instability under consideration is a negative, purely
imaginary number.

However, for a standing mode of oscillation, @7.603119 , and the

derivative @’:‘}’s‘m-ﬂé is orthogonal to @::Cas :9 for all p, over the
interval 0&95277— . In order to obtain expressions for the expansion
coefficients, the interval ot definition of the eigenfunction expansion is
changed from O<s © S 2T 4 OO T . Since the stand-
ing mode osciliation pattern is symmetrical about e‘= 0 (ore=rr) ,

the other half of the soiution can be obtained by reflection. Then for a stand-

ing mode,;

=9 _LSm;D Cas PedefJ;;(s%r)(I(%&dp
P%' fCo; Pedef J’-’Z(%!) rdr

or

CH':O ,Qn, pvr=2m, m-= g iyt 8
Dt j ('5,;/.")~7i9 @,b;'JJ’” (47)
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The most important resuilt here is that the eigenfunction expansion for 12
does not include a term corresponding to the mode of which the stability is
being considered.

In summary, the solution for the pressure perturbation has been
found to be

1:/==5:[]2(*)*1%(5)4'E»,ﬁ;ih(éa"iz;Zﬁgg*’ﬁg)fﬂgtjﬁi] {15<3%%Lr)

(48)

-Y0
+Z, By 2y 013 ayf e

for the spinning mode, and
t'= { (30 +h@ 5, Rk @ +BOT Jisyn)
+Z. 8, };,,%(%)I;(S,,r)] o
+P;% % Cph (347 coap &

for the standing mode. Both of these solutions are of the form

(49)a

- P, G
=[NPy L, g, O ri; ¢,§ " n® Z,(r) 6, (0)

so that the velocity perturbations can be written as

_ _L[rdr ., d
u = [(3; +;€£‘-)§P,”,@J+§ %‘i:%t%@ ]’ (49b)
s flle B ] 5 T 9

{49c)

ve it 0mn] B9 i

(49d)
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The entropy perturbation must be evaluated before the nozzle boundary
condition can be imposed. As with the other perturbation quantities, the

entropy is written as

,¢,’=,¢6+‘L’+... (50)

where it is found that

A, =
4=—F d= (Fl)f’o o

]

Thus the entropy perturbation is largest in the region where the combustion
is most intense. At the nozzle enfrance, where combustion is assumed complete,
the entropy perturbaticon vanishes to O(ae)

It is now possible to examine the stability behavior of the rocket motor
by applying the chamber exit boundary condition, which is the nozzle admit-
tance relation. The conditlons at the stability limits, which bound the
regions of unstable operation, wiil be derived by setting the amplification fac-
tor A equal to zero. Then the complex Yime parameter & is purely imaginary,
s =3, where @ is the frequency of osciltation.

The boundary condition imposed by the exhaust nozzle upon the oscilliatory

flow in the rocket combustion chamber was presented in Reference | as

(52)

u ¥Se —
Tue A 2-__,.55%____‘(\/‘_,. e =¢=0
PO fL Po Fb

In this form it is applicable to the case in which the combustion process is
sensitive only to pressure variations. However, because of the distortion of
the wave pattern infroduced by the effects on the combustion process of the

transverse velocity fluctuations, it has been necessary in here to make use of
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eigenfunction expansions in the perturbation solution, which has been found to

take the following form:

p'= % % &,,Cl) §P} (r) @ (o)
"-”é% Uy (2) By () @, (6)
v=EE Yy @ by ) 6y o)

(53)

w232 Y @ Yt G (o)
.’ =§§ 5,,}(;) ﬂ, r) & (o)

Then, imposing the nozzle boundary condition results in not one relation as in

equation (52), but infinitely many relations of the form

I%)*A%Q‘r BS[} I’V?t":[_“)..,. c L%.:L‘Q___.O (54)

There is thus an admittance relation corresponding to each term in the eigen~

function expansions.

Since combustion is assumed to be complete at the entrance to The nozzle,

ﬁ%‘ (2:2) = pl2:2)=0O

Hence, the axial distribution functions become, using equations (48) and (4%9a}

PL® = RE+R eI+ 560 "-‘:: CuEH+RE,)

Rpled= By B GO+ Cryfepg @)
UP?’ é‘*): —T‘:{S‘ 'id%(é‘) (55)

Vi @)= - 15 Frpo)
Spy =0
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mers R@I= P [ (5558020 ]
B &)= P, [~ 5P [ adz + K] 6
R, ®=Rs [R f @de’ + Ky ]
MOM- [qu.dz r K]
P (&)= R [sjdafi(o dz" +(zm)sfudz - K]

@)= OO[RJ}“’“ EL*LJZE"& 2) o' vk Casklg—’,;,%]
s;’h

f) = ih- .nh {$ﬁ' ‘9 ) 2
ery®= R, [T § 55 Slaii o Gk o 5 2 |

Substituting the relations (55) into the nozzle admittance equation (54),

Fa.

and defining a combined admittance coefficient {E; by

€= EY"H’ &, = A (5:’ +¢ B (57)

there results the equation

(d%—l’ SP}E) (QJ o) (58)

Each of the partial solutions making up the pressure perturbation p'
includes a constant resulting from the integration in the axial direction.
For each pair of indices p, q (that is, for each term in the eigenfunction
expansion), the several integration constants can be combined info one. Then

the axial distribution functions F’(k) take the following form:

(}) Lo [PP;(*)"' K COSJS S,,f £ J ' V( 59)
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Ny
where the function f,a does not include any integration constant and the
constants K are all ()C@;) . In particular, the axial function cor-

responding to the mode of oscillation under consideration can be written as

BB [1+ 5y + B, &3] s

~)
The tunction P » which from equations (55) and (56) is given by

=
P%(*)'é*sh-)—*'sj‘iﬁ X +[Zm-l)s-b§ﬂq,hf?“3é;,j.]fcdzy (61)
2

is (:Xﬁi) . The integration constant F{ can be absorbed into the constant
vh

f%o as can be seen from the following discussion. Equation (59) is divided

through by f’::goa.“‘sh) , glving

%’-‘)-:H— ::g_l,_ = |+ ‘p;h(l—“’,h)'f O(a:)

Poo H‘K"
or ~
-3
POO l”" ’)“ !
Siace both K d :3' 0@) their product i O(Clz)
ince bo an = , eir produ is ,
h 19h e ©
and thus
"y 2 (62)
- 147 @
Similarly, replacing Poo with i{o in equation (59) results in an error
ot D([Iz) which in this analysis has been assumed to be negligible.
e
The solution for the pressure perturbation, eguation (4%9a), can thus be
written

P(zm): [[H— ' *(a)]f (r)G (o)
+ %fi [ar @ +l$ Cosln) 1,,, ]@' (,)@(e)j (63)
A
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Fa®)
The constant f%o , which represents fthe perturbation amplitude level,

will not affect the stability solution. For each ﬁ,*#h the nozzle boundary

condition

_j_él'}(z )+ Kf,’_ 75,;,'3, Seinh '%;‘%f Ze
Z ®

(64)a
- Cond F 3 z
—LS W Z )+ - -
IRACEN [P (z,) K,,,@slnlﬁ,? S 2.]=0
can be used to determine the Integration constant ’(P,_ . Application of the
remaining boundary condition,
(64b)

™ "
9%z )isy, )[Ry =0

results in an eigenvalue problem. That is, equation (64b) is the characteristic
equation for the eigenvalues S.,' or (:w , Since as already stated we are only
concerned with the stability limits where /K = 0,

By use of the expression for Ek[é) cbtained from eyuations (680) and (61),

the characteristic equation (64b) can be written as

(65)
‘f>-+' L (r .)’Q-r(Z;%:>:7':=
where the right hand side is of the form
h=32l 4 bz
T
with b = FU-Q—-LFS 8—’” u(&)dl (66a)

h = f‘f(a),’(é) dz +igy Z (-¥)

2 r'4
B £ [i- - 2;—29-2({'#) H %A/jl'ﬁ'[a’)é‘(aﬁdz'] (66b)
0
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(o
In the expressicns for hI and h, a reduced frequency 4:: Syn hes been infro-

duced. Since wz-s;)::. O(a‘) for a purely fransverse mode, the reduced fre-
quency f takes on values near unity,

As written in equation (65) above, the characteristic equation exhibits
the balance which exists at the stability limits. 1In order for neutral os-
cillations to be maintained, the energy suéplied by the combustion process,
related to the left side of equation (65), must be completely absorbed by
the fluid methanical processes, which are related to the function h on the
right side of the characteristic eqguation, If more than sufficient energy is
supplied, the oscillation amplitude will grow. Such an oscillation is linearly
unstable. Eventually, nonlinear energy-absorbing processes will restore the
energy balance at some high level ot amplitude. The importance of the oscilliation
to the proper operation of the rocket motor depends upon the amplitude level
finally attained. However, it has been observed that nearly all transverse
mode instabilities grow to very high levels, causing rapid combustion chamber
destruction. Sfab}e operation results in the case that the energy release
is insufficient to balance the energy absorbed by the oscillation, The fact
that the characteristic equation is complex implies that there is a phase
condition, as well as the amplitude condition, relating the oscillating rates
ot energy release and energy absorpfion for neutral oscillations.

Assuming first that the pressures and velocity effects are characterized
by the same mean sensitive ftime lag - , the definitions of the burning rate

parameters are obtained from (|2a) as

FP=n (l—e-il‘:’?>
R= A (1-e%)
T= 19 (1-e %)

(68)



Page 3|

The simplification of these expressions with respect to (122) can be justified
(3) and corresponds fo neglecting the space wise confributions to the burning

rate oscillation. Then the characteristic equation takes the form

[+ i(B) s @) fe] n(-c")=hte)

This complex eguation is equivalent to two real eyuations. Therefore, for
neutral oscillations of a given rocket motor, the four combustion parameters,
n, 77, ‘%51 and :éf? , are not independent. If any three are known,
then the fourth, together with the osciliation frequency, can be determined
from equation (69). Because the frequency dependence of h) is guite com=~
plicated, it is most convenient to regard the frejuency as one of the inde-
pendent variables. In order that the present investigation may be related
more easily to previous studies of both longitudinal and transverse modes, the
two dependent variables will be taken to be the mean sensitive time lac T
and the pressure inferaction index N . Thus,

n="1(°’, !;::)7[-50')

o= (v &,4)
will be determined from the characteristic equation, which can be written
as

~r -~ (70)

‘\ do = L"'l‘ +i hi

~lw?
/n(l-& )= ) 1 =
j+L 'b r 2’ Y
wh P h

Ny

clearly, if only pressure effects are present, h = .
At present, none of the combustion parameters can be calculated a prioci,
although a method has been developed for measuring n and t experimentally (4).

Since very little is quantitatively known abduf the velocity parameters, their
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effects will be shown by calculating W and T for assumed values
 Ae Lo e .

of the ratics =x{= and N . The modifications introduced by the

assumed velocity effects will then be noted and compared with the results of

approp riate experiments.

The real and imaginary parfs of equation (70),

’ﬂ-(l-' COSGT) = hr N

. lad
n sin T = ’1"
comprise a dimultaneous pair of equations for w, and € . The solution
is found to be
A2 ~ 2
n= Lr -l-h" (72)
2h-
;r' ~
o =l ; -l
T= %S (,;i-)= -w‘- cos (I —b-y{-)
m

where t is determined modulo Y%}
A typical solution for nw) and T (W) for assumed values of -;'-. and
fg? is shown in Figure 5. This solution applies at the stability !limits,
where )\ = 0, It can be seen thet for any given value of the Time lag, only
one value of the pressure interaction index is consistent with neutral cscilla-
tions. For the same ¢ , a larger value of ;W corresponds to instability
(Av0) , a smaller value to stability (AL O ). Thus the n, T
plane is divided by the loci of A= 0 into stable and unstable regions, as
shown in Figure 6,
A given rocket motor system at given operating conditions is assumed
to be characterized iy a set of values'of the combustion parameters r~,cT -
.La: and ;_ZF‘O_ . If the point on the N, T -plane representing

this motor falls within one of the unstable regions (i.e., above the stability

fimit curve) corresponding to one of the transverse modes and fo the appropriate



Page 32b

values of i: and 1% , then the cperation of the rockst will be un-
n

stable, and large amplitude oscillations can be expected to result. Therefore,
any effect which increases the size of the unstable areas on The’h{r~plane
(e.g., by shifting the stebility limits to smaller M for all T , or
by flattening the |limit curves without changing '%VL ) is a destabilizing
effect.

In order to clarity the discussion, the effects of tangential and radial
velocity fluctuations will be considered separately, First, suppose that only
pressure and tangential velocity oscillations affect the combustion process

rates (corresponding to a tangentially oriented doublet injector pattern).

Then the characteristic equation can be written

. N
( —Lut)=k= _h (73)
nii-¢ 1+ &y Lo
T N
For real values of J%”a , the ratio R?h is real-valued, and there is no

shift of the stability limit curve in the 7 -direction. The ratio of the
minimum inferaction index including tangential velocity effecfs,‘ahr, to

that for pressure eftects alone, Niwp > is

[ ™
n_ _| l (74)
my = =
h~ 1+&h Lo
mp h
7w
Theretfore, since ?JA >0 , a positive value of the tangential velocity
w

index causes a downward shift of the stability |imit curve on the Pb't'plane
by contracting the ordinates of the limit points, which is a destabilizing
trend. Figure 7a shows the influence of the tangential velocity effect on the

stability limits for the tirst tangential spinning mode. For other modes of
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oscillation, the effects will be qualitatively the same. The magnitude ot the

velocity effect, for a given ‘%g value, depends on the ratio of the ex~
o~

pansion coefficient q* to the freguency C‘):[i'h . This ratio is

approximately equal fo@ , values of which are given in Table I for sev~-
eral modes. The seconés angential mode is seen to be slightly more influenced
by the tangential velocity osciilations than the other modes. It should be
recal led that the expansion coefficient Z:h‘ vanishes for a standing fan-
gential mode, so that there are no fangential velocity effects for such an
oscillation.*

The velocity index .ea Is positive in the case that the burning rate
is increased by a positive velocity. For the tangential velocity, the positive
direction Is not fixed with respect to the rocket combustion chamber, buf is
the direction in which a spinning wave travels.*¥* Assuming that the injector
is characterized by a positive lo direction (determined by the orienta-
tion of the injection pattern), the velocity effect of a wave moving in the
positive direction will augment the pressure effect. However, for a wave
moving in the other direction, the velocity effect will oppose that of the
pressure. It is apparent, therefore, that the preferred wave itravel direction
with respect to the physical frame of reference is the same as the positive
1 o direction of the injector.

It the tangential velocity effects are in reality a result of a tangen-

tial displacement sensibility, the value of 77163 is real and, as (9c) shows,

*  However, this may not be true if -lg’ changes periodically with e

**  See footnote to equation (16).
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/2‘> must be imaginary. Infigure 7b the results relative to the case

10/ neL( *are ;ompared with those of l,/n = O and |, showing that
the tangential displacement effect, contrary to the tangential velocity ef-
fect, produces larger changes in the value of 1?’ then in those of N .

Also shown in the figure is the case when both effects are simultaneously

present, characterized by jo/h = I+

Consider now the effect ot the radial velocity coupled with the pressure,

i.e., 1,.# 0 but 19 = 0. Then the characteristic ecuation is

. -lwT e h (75)
nil-e =h= 0O
[ ) i+ ¢ Buh Ar
Fon

Since the ratio 37h is complex, one can expect an influence on 27 as well
as on MW . As shown in Figure 8a, for a positive radial velocity index 1;,
the limit curve is shifted in the direction of longer time lags. In the cylin-
drical coordinate system, the positive radial direction is from the center of
the chamber toward the outer wall. If a positive velocity increases the burn-
ing rate, ‘lr is positive and the stability limit curve is shifted toward
longer ¥, and vice versa. However, it can be seen that the magnitude of the
radial velocity effect is much smaller than that of the tangential velocity
for equal velocity inteiaction indices.

Figure 8b shows the effects of radial displacement sensitivity, This time

the main effect is a shift of M ,while it was a shift of ?° for the radial

velocity effect. It is clear that a positive radial displacement sensitivity

( .ﬂr_/n.-:—(: ) h"/n — GJ) is stabilizing, and 2 negative sensitivity

* This value is independentof the frequency, which means that Me should
"depend on it, ascording to (9¢).
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er/h=b, mr/n = = ) ) is destabilizing.

In order to check to what extent this result depends on the existence of
a time lag, we consider now The case when insftanteous etfects are the only ones
to be present, that is P = O and 0? and 7given by equations (1Z2b). Equation

(65) becomes
~S
' . c %
Bﬂb. m - L Jh m = (76)
. . o ’
Celculating for simplicity the case k' = O (negligible droplet drag effects),
we obtain, using equations (66a and b) and separating real from imaginary,

~ Z
B e ) S T 5

w

3 % & x ‘
ot G e G, G [Sh)= E - i) |
o (-}

Let us first consider the case Me= 0. If m, is eliminated from the re-
sulting equations one gets an eguation in which the only unknown is f or &J

(of which é:v' and f; are also functions). The solution of this equation

for any given mode provides the deviation of the frequency at the stability
limits from the corresponding acoustic freguency. It can easily be checked
deviation is rather small, and f is close 1o _1 . Once the freyuency is deter-

mined any of the original equations can be used to determine rn' , for in-

stance 2
1 _ Suh Za ) _l)
B : Eﬁ'[:F 2 <FF- 4[ _]
l’h m = ¥+1 Ze
w2 r | Ee sy Ei. G dw (77)

= ¥+ - -
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the test simplification being allowed by the fact that -F%’ 1 and the
second term in the denominatgr is substantially smaller than fthe first.
Numerical examples shows that generally the second member of equation
77y is positive. Hence, since for tangential modes EZAA >0 ’
a positive value of "L' is required to produce neutral osciilations., It
is easily seen that a value larger than this positive value would result in
unstable behavior., Clearly, if pressure effects were present too, we would
find the same result obtained previously, namely . that a positive value of
m .. is destabilizing. This result, which holds for both spinning
and standing tangential modes, shows the importance of designing the injector
in such a way that the more volatile propellant droplets are not systematically
iocafed at a smaller radius than the partner propellant. Observe that the
opposite conclusion is reached for the first radial mode which has a negative
B’l)‘\ . This, however, occurs at a substantially higher freguency.

Similarly it mr =0 one obtains

2 2
§_ﬂb.m = L_"_A—?j’('[-f) . L

fle

2 (= 2 Z
@ *‘Lﬂafeu.d" "‘W‘fead"
s ° °
Again, for positive C%»\ , as happens to be the case for spinning modes,
vajues of PV\E? in excess of a definite positive value produce instability.
AL ;
For standing modes Cl”\ matches identically and no instability can result

4

from this mechanism. !

One must recall here that the above results are obtained for mr ) lr

and Me ) 19 independent of r and 6, that is, for a uniform injector
pattern. If h‘le or ﬂe were made to change periodically with 9 The

conclusions concerning spinning and stand ing modes might be reversed. Similarly

if M'_ or lr is @ fupctionof r the above conclusion concerning the radial

modes might be changed.
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Observe also that while a uniformly positive mr_ or 1'. can be de-
tected in many injector designs, a uniformiy positive MO or 19 is generally
not found (except in experimental conditions where it is so designed) because
of a tendency of designers toward symmetric designs,

IV, EXPERIMENTAL VERIF ICATION

From the linearized velocity sensitivity theory the result is obtained
that the tangential velocity effects are absent in standing modes and present
in spinning modes. The tangential velocity perturbation acts to shitt the stability
limits on tThe n,z‘ -plane to smaller values of the interaction index. The
effect of the radial velocity perturbation is to shift the stability !imits Yo
larger or smaller time lag values, depending on the sign of the velocity in-
dex. A positive velocity index is associated with the tangential veiocity ef-
fect. However, the positive tangential direction is not defined in terms of
the combustion chamber geometry, as in the case of the radiai velocity. Rather,
the positive tangential direction is defined as the direction in which a spinning
wave travels.

The sign ot the velocity index depends con the characteristics of the
spray formed by the injector. According to the physical model, a positive
velocity inlex implies that the burning rate is increased when the velocity
perturbation is in the positive direction. The symmetry of the fuel=-on-
oxidizer impinging doublet injector is such that the radial and tangential
velocity effects can be separated, as discussed previously. For the radial
spud orientation (see Figure 2), the velocity effect, due solely fo the radial
velocity component, cannot be calculated unless the sign of the velocity index
is known for a particular injector arrangement. AT the present Time, knowl-
edge of the details of the combustion process is insufficient to allow the

-

prediction of vho veloli v Iodes Loon Trored roo cn mun rolOr T D & -
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per imental means, based on spinning mode tests with the tangential! spud
orientation. By observing the direction of wave Travel with respect to the
injector spuds, it is possible to determine the direction of the veiocity per-
turbation which increases the burning rate, From this information, the sign
of the radial velocity index for a given radial injecfor arrangement can be
found.*

Several whole motor tests were made with the tangential spud orientation,
using the injector of Figure 2 and fthe experimental aparatus described in
Reference |. Three pressure transducers were used to defermine the direction
or the wave trave! with respect to the injector spuds. The results of four

typical tests are shown in the folliowing table:

Test Chamber Injection MR
No. Diameter Diameter Design MR Design MR Mode Direction
! 9 8 1.4 .90 IT F —» O%*
2 9 8 1.4 .87 2T F —0
3 6 5 2.2 .43 T F —0
4 9 8 1.0 1.29 IT F —0

Considering the tuel-rich and oxidizer-rich zones as determined for this type of
injector in Reference 9, the preferred direction was from oxidizer rich fo fuel
rich in agreement with the mechanism suggested above. Reference 5 discusses
these tests in more detail.

The angle of the injection spray with respect fo the combustion chamber
axis is a function of the ratio of the Test mixture ratio to the design mixture
ratio, MR/design MR. If this ratio is less Than one, The net lateral spray
momentum is in fthe direction F ~® O, and if it is greater than one, The spray
momentum direction is O=F. It is clear from fthe test results that the wave
travel direction was not affected by any rofation caused by off-design operation
of the injector.

* This conclusion is irue if the value of £
the injector, as assumed in this study.

© is the same for all parts of

**  The notation F — O refers fo fthe order in which the spinning wave crosses
the injector orifices.
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I+ should be noted that aithough the operating conditions for tests |
and 2 were very nearly the same, the resulting oscillations were of different
modes. Moreover, from Figure 7 of Reference | (for ”},= 1.4 and & = 180°)
it can be seen that the unstable mode of the standing fype is the second tan-
gential. The velocity effects for this configuration are illustrated by Figure
9. Although point "A", representing the test motor, is within only the second
mode unstable zone for the standing form, it lies within both the first and
second mode zones for the spinning form when velocity sensitivity is present,
The difterence between test | and 2 was in the starting period., Test | utilized
the normal starting procedure, whereas an aluminum baffle was used in test 2,
The effect of the baffle was to stabilize the first fangentia! mode during Thé
first second of operation by constraining a standing mode osciilation pattern
in the chamber. Upon burnout of the baffie, the oscillation changed to the
spinning type without changing the mode. This result Is an example of non-
linear effects. Although for very samll oscillations both modes could co-exist,
it the amplitudes a2re large one mode will dominate to the exciusion of the
other. In this case the dominant mode will be the first ftangential, unless
the second tangential mode is aliowed to grow to large amplitudes, as in test
number 2.

The whole motor fTangential orientation tests demonstrated that for the
injector used in this investigation the burning rate is increased by a velocity
perfurbation in the direction F =~» 0, A series of raaial orientation angular
stability limit tests was then made in which the arrangement of the injector
was such that the direction O=»F was positive (outward). Therefore, a nega-
tive radial velocity was required to increase the burning rate, that is, the
radial velocity index ‘L was negative. According to the velocity effect
theory, as discussed above, for 12'.4 QO , the stability limits on the h,r-

plane are shifted toward smaller T . It has also been shown that the
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theoretical instability zones are moved in the direction of larger zpas the
sector angle is increased. Thus, if the pressure interaction index and sensi-
tive time lag are to be independent of the orientation of the injector spuds,
the effect of the radial velocity must be counteracted by an increase in the
sector angle. That is, the stability limits for the radial orientation should
be at larger angles than those of the tangential orientation (no velocity ef-
fects).

This prediction was borne out by the radial! orientation tests. Figure
10 shows the results for a typical configuration. The lower iimit of the
first tangential mode varied between approximately 90° and }20° over the
range of mixture ratio, while the tangential orientation lower limit fell be-
tween 60 and 90°. From Figure 10 it can be seen that off-design operation
with the radial orientation caused significant variation of the stability
limits with mixture ratio, which may be due to distortion of the recirculation
pattern.

The decreased stability of the spinning type of tangential mcdes due to
tangential velocity effects was shown by a series of tests which utilized both
a 180° sector motor and a whole (360°) motor with metal baffies. Such metal

baffles were found fo be capable of producing the same stable operation as the

tul1180° insert. It was also determined that stable operation resulted with a
baffle onily 5/8" long, it the baffle was placed against the injector face.
When a space was left between the injector and baffle, instability was observed,
even though a longer .batfle was used. Thus, the tangential velocity orfangential
displacement effects, which cause the spinning form to be much more unstable
than the standing form, are concentrated near the injector face, in the early
combustion zone.

In order to investigate the fransition from the stabie standing form of
the tangential modes to the unstable spinning form, a destructible bafflie was

used. It was made of aluminum, 1/8" thick by I long, and was placed aginst



Page 41

the injector face. Experiments showed that the aluminum baftfle remained
essentially intact for the tirst second of cperation, but disappeared
quickly at that time. Thus each aluminum baffle test could show motor op-
eration under both stable and unstable conditions.

A comparison of the stability of the standing and spinning modes using
the tangential spud orientation is shown in Figure |1, The first and second
lines represent the whole and half motor tests, respectively, which were dis-
cussed above. The third and fourth lines present the results of the aluminum
batfle tests. It can be seen that the early portion of fthese tests corresponds
to the 180° sector tests, and that as soon as the constraint to the standing
mode was removed, the rocket operation became unstable. In the fransition
period a smooth increase in amplitude from the combustion noise level fo that
of the fully developed oscillation was observed. Data from a |ater series of
tests, in which Two fransducers were used to determine the spin direction of
this fully developed oscillation, are shown in Figure 12.

Further, more extensive experiments, using a 7% injection diameter +g
minimize chamber wall effects, showed that the direction of spin was dependent
on mixture ratio (14). In whole motor tests it was found that at low mixture
ratios the spin direction was opposite to that expected, whereps the predicted
spin direction was observed at the design mixture ratio (1.4 in this case)
and above. Similar results were obtained in tests using destructible baffles.
Based on these results, it appeargdthat the locations of the regions of fuel-
and oxidizer-rich composition change with mixture ratio because of variations
in the impinging stream velocities.

In order to verify these suspected composition changes with mixture
ratio, a separate flow study was made on the injector spuds. Using a Rupe-

type sampling probe (15), simulating the licuid oxygen density with an ap-

propriate suger water solution, and substituting equivalent density RP-| for
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the water soluble alcohol, the data shown in Figure |3 were obtained. The
low mixture ratio operation of the spud repeatedly indicated the prescnce
of oxidizer-rich regions on the side of the spray toward the oxidizer hole.
This contragted with the reversed operation at design mixture ratio and
above where the distribution followed the predictions of Reference 9.

Such behavior complicates experimental verification using the fuel-
oxidizer impinging doublet type of injection. Therefore, a modified injec-
tion system was used to place fuel and oxidizer-rich zones in a fi;ed
spatial relationship, Using ftwo |ike-on~!ike doublets per spud, with a
predetermined spacing between the resultant spray fans, as shown in Figure
1%, it was possible to illusfrate the preferential spin direction. Besides
the inter-fan spacing, a radial spacing was inherent in the spud design
because of manifolding requirements within the spud. The effect of this
radial spacing (0.15 inch) was minimized by using 90° impinging streams so
that a high degree of overlap (viewed tangentially) existed between fuel and
oxidizer spray fans. Since this injection arrangement, using 0.} inch spaced
fans and operating at 150 psia, was basically stable, the destructible baffle
(see Figure 14) was normally not used. However, where a small zone of spin-
ning type instability did exist in the whole motor (as shown in Figurel6),
the batfle was employed during the starting transient to eliminate velocity
effects.

The pulsing device used in these tests was the gun powder, procigten
burst disc arrangement first used by Aerojet (I§). Thus, the ordinate in
Figures 15 and 16 is specified in grains of pistol powder and burst disc
pressure in thousands of pounds. Although this will suffice for The discussions
here, nonlinear limits of instability must be related fo the more fundamental
quantities such as pressure and velocity. Such data are presented in Reference

14 and |7.
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The experimental program included tests in which the pulse direction was
trom oxidizer to fuel (the predicted preferential direction) and tests with
pulses in the opposite direction. Consider first the results of pulsing in
the preferred direction, oxidizer o fuel (denoted by 6-0F, where the bar
indicates that the oxidizer spray is closest to the chamber wall} shown in
Figure 5, Except for one extraordinary test with the whole motor, al!l of

the unstable tests with this arrangement were found to be spinning in the

O-F direction (i.e., the same direction as the initial pulse).

Perhaps a better test for veritying the directicnal aspect of the
velocity effect is presented in the data shown in Figure |6, Here the
position of fuel and oxidizer spray fans has been reversed. Therefore, the
pulse direction (F—=b0) is opposite to that theoretically preferred. How-
ever, the final spin direction of the unstable combustion remains O-,Ei It
is interesting fo cbserve the sequence of events which lead to this result.
Figure |7-shows the time history of a Typicalvpulsed test with this config-
uration. The imparted pulse disturbance KF~80) in this case persists less
than 20 milliseconds and is followed by a brief period cf standing mode in-
“stability, The latter transforms fo 0 «~— F spinning mode oscillations,
gradual iy building to maximum amplitude. Thus, the preference for the O=9F
direction is clearly shown.

It must be remembered, however, that even with only a 0.1 inch spacing,
the like-on-iike arrangement can only roughly approximate the uniform change
from fuel-rich to oxidizer-rich composition assumed in the theory. With
wider spacing this linear assumption could not be expected to apply and non-
linear formulation of the velocity effect is currently in progress at Prince-

ton.
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TITLES FOR FIGURES

Standin and spinning forms of the first tangential modes.
Doublet spud orientation and design.

Effect of spud orientation observed in fransverse instabitity
tests using a 9 inch diameter combustion chamber and an 8 inch

injection circle diameter,

Schematic representation of the fuel and oxlidizer-rich stratiti=-
cation produced by a doublet spud.

Typical solution for the combustion parameters M (&) and A,
Stable and unstable reglons on the M, & -plene.

Theoretical tangential velocity effect on stability limits,

first tangential mode, uniformly distributed combustion; chamber

exit Mach No., & = 0,10,

Theoretical tangential velocity and displacement sensitivity for

The first tangential mode, K, = O, same conditions as In Figure 7a.

. Theoretical radial velocity effect on stabillty limits, first

tangential mode, uniformly distributed combustion; chamber exit
Mach number, Re = 0,10 ’

Theoretical radial velocity and displacement sensitivity for fhe
tirst tangential mode, £ @ = 0, same conditions as in Figure Ba,

Theoretical predictions of the fangential velocity effect with
combustion concentrated at an injection diameter circle of 8 inches
in a 9 inch diameter chamber, "‘ = 8/9; “'e. e 0.05

Shift of stability limits due to radial velocity effects in a 9
inch diameter sector motor with 8 inch diameter injection clrcle
operated at 150 psia chamber pressure (nominal thrust [,000 Ibs,
alcohol-oxygen)

. Tengential spud orientation baffle tests using a 6 inch diameter

chamber with 5 inch diameter injection circle, 150 psia chamber
pressure and nominal thrust at 500 |bs,, alecohol-oxygen,

Linear lnstability bulldup following baffle burnout as recorded
on two pressure fransducers mounted at 90° on the chamber wall
using a 9 inch chamber diameter, 7 inch injection circle diameter,
150 psia chamber pressure and a 1,000 |b, nominal thrust, alcohol
oxygen,

Mixture ratio gradients across the spray fan of a fuel-on-oxidizer
impinging doublet spud, orifice diameter .08l-inches.
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Chamber arrangement for invesiigating shock pulse effects on
stability limits including a typical run time secuence.

Pulsed limits testing of an injection composed of .l inch spacing,
|ike-on-1ike spuds using a 9 inch diameter injector, 7 inch in-
Jection circie diameter, 150 psia_chamber pressure and |,000 Ib.
nominal thrust. Pulses directed O F (oxidizer outside),

Same test conditions as Figure |5 but puise directed | —» 0
(fuel outside),

Pressure records indicating the preferred tangential mode spin
direction under the conditions noted for Figure |6,



TABLE I

Velocity Effect Coefficients for Uniform Injection,

Full Circular Chamber

.
- BYh 7 CH (spinning
Mode v h S S Jh mode)
First tangential ! | 0.19116 0.77402
Second tangential 2 I 0.18124 0.85258
First radiatl 0 2 -0.13320 0.00000

First combined ! 2 0.02884 0.22197
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